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Abstract
We derive a boundary action of N = 2 super-Liouville theory which preserves both
N = 2 supersymmetry and conformal symmetry by imposing explicitly T = T and
G = G. The resulting boundary action shows a new duality symmetry.
1 Introduction
Two-dimensional Liouville field theory (LFT) has been studied actively for its relevance
with non-critical string theories and two-dimensional quantum gravity [1, 2]. This the-
ory has been extended to the supersymmetric Liouville field theories (SLFTs) which
can describe the non-critical superstring theories. In particular, the N = 2 SLFT has
been studied actively because the world sheet supersymmetry can generate the space-
time supersymmetry. Besides applications to the string theories, these models provide
theoretically challenging problems. The Liouville theory and its supersymmetric gen-
eralizations are irrational conformal field theories (CFTs) which have continuously
infinite number of primary fields. Due to this property, most CFT formalisms devel-
oped for rational CFTs do not apply to this class of models. An interesting problem
is to extend the conventional CFT formalism to irrational CFTs. There has been a
lot of progress in this field. Various methods have been proposed to derive structure
constants and reflection amplitudes, which are basic building blocks to complete the
conformal bootstrap [3, 4, 5]. These have been extended to the N = 1 SLFT in [6, 7].
More challenging problem is to extend these formalisms to the CFTs defined in the
two-dimensional space-time geometry with a boundary condition (BC) which preserves
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the conformal symmetry. Cardy showed that the conformally invariant BCs can be
associated with the primary fields in terms of modular S-matrix elements for the case
of rational CFTs [8]. It has been an issue whether the Cardy formalism can be extended
to the irrational CFTs. There are active efforts to understand the conformally invariant
boundary states in the context of string theories related to D-branes [9, 10].
An important progress in this direction is made in [11] where functional relation
method developed in [4] has been used in the boundary LFT. With a boundary action
which preserves the conformal symmetry, one-point function of a bulk operator in the
presence of the boundary interaction and two-point correlation functions of boundary
operators have been computed using the functional relation method [11]. Here the
conformal BC is denoted by a continuous parameter appearing in the boundary action.
A similar treatment of the LFT defined in the classical Lobachevskiy plane, namely
the pseudosphere has been made in [12]. For the N = 1 SLFT, the one-point functions
and the boundary two-point functions have been obtained in [13, 14] based on the
conjectured boundary action. It is desirable to show that indeed this action preserves
both the supersymmetry and the conformal symmetry.
In this paper we derive the bounary actions of the N = 1, 2 SLFTs by imposing the
symmetries. This approach to obtain the boundary actions have been made before. In
[15], based on superfield formulation, the N = 2 supersymmetric boundary action has
been derived for a general N = 2 supersymmetric quantum field theory. For integrable
quantum field theories with infinite conserved charges, the situation becomes much
more complicated. As shown in a pioneering work [16], the boundary action which
preserves the integrability can be fixed by imposing a first few conservation laws. For
the supersymmetric integrable models, these two conditions, the supersymmetry and
the integrability, have been successfully imposed to get appropriate boundary actions
[17, 18, 19]. We continue this approach to theN = 1, 2 SLFTs and impose the boundary
superconformal invariance conditions to derive the boundary actions. We will show that
even at classical level, the boundary actions are determined uniquely.
This paper is organized as follows. In sect.2 we review a superfield formulation
of the N = 1 SLFT boundary action proposed previously. Then, we show that this
action satisfies the superconformal invariance. Our main result, the superconformally
invariant boundary action of the N = 2 SLFT is derived in sect.3. After repeating
the superfield formulation, we derive the boundary action by imposing the N = 2
superconformal symmetry. We conclude in sect.4 with a few discussions and provide
technical details in the Appendices.
2
2 Boundary N = 1 Super-Liouville Theory
In this section, we review a superfield formulation of the boundary action of the N = 1
SLFT which preserves the boundary N = 1 supersymmetry. Then, we will show
that the same result can be obtained by imposing directly the N = 1 superconformal
symmetry.
2.1 Superfield formulation of the N = 1 boundary action
The action of the N = 1 SLFT is given by [20]
S =
∫
d2zd2θ
(
1
2pi
D¯ΦDΦ + iµebΦ
)
, (2.1)
where Φ is a real scalar superfield
Φ = φ+ iθψ − iθ¯ψ¯ + iθθ¯F. (2.2)
(See the Appendix A.1 for our conventions of the N = 1 supersymmetry.) This theory
contains a dimensionless Liouville coupling constant b and the cosmological constant
µ. Note that we consider a trivial background and omit a linear dilaton coupling. We
can express the action in terms of the component fields
S =
∫
d2z
[
1
2pi
(∂φ∂¯φ+ ψ∂¯ψ + ψ¯∂ψ¯) + iµb2ψψ¯ebφ +
1
2
piµ2b2e2bφ
]
, (2.3)
by integrating over the θ- and θ¯-coordinates in (2.1) and eliminating the auxiliary field
F from its equation of motion.
To introduce the boundary action, we consider first a generalN = 1 supersymmetric
theory on the lower half-plane : −∞ < x = Rez <∞, −∞ < y = Imz ≤ 0. Following
[10], we can write the action as follows:
S =
∫ ∞
−∞
dx
∫ 0
−∞
dy
∫
d2θL, (2.4)
where L is the Lagrangian density in superspace. The supersymmetry variation of the
action is
δS =
∫ ∞
−∞
dx
∫ 0
−∞
dy
∫
d2θ(ζQ+ ζ¯Q¯)L = − i
2
∫ ∞
−∞
dx(ζL|θ¯ + ζ¯L|θ)|y=0. (2.5)
To cancel the surface term (2.5), we add a boundary action
SB =
i
2
η
∫ ∞
−∞
dxL|θ=θ¯=0, η = ±1, (2.6)
which is defined at y = 0. When ζ = ηζ¯, the supersymmetry variation of the total
action vanishes: δS+δSB = 0. Only one supercharge Q+ηQ¯ is preserved. Conservation
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of this charge imposes the boundary condition on the supercurrent: G + ηG¯ = 0
at y = 0. The superderivatives in the tangential and normal directions are given
by Dt = D + ηD¯ and Dn = D − ηD¯ respectively. Their conjugate coordinates are
θt = (θ + ηθ¯)/2 and θn = (θ − ηθ¯)/2.
For the total variation of S + SB to vanish, two types of boundary conditions can
be imposed:
(i) Dirichlet boundary conditions DtΦ|y=θn=0 = 0: For the N = 1 SLFT, this corre-
ponds to
ψ − ηψ¯|y=0 = 0, ∂xφ|y=0 = 0. (2.7)
These conditions can be identified with the supersymmetric version of the ZZ brane
[12, 13, 14]
(ii) Neumann boundary conditions DnΦ|y=θn=0 = 0: For the N = 1 SLFT, these give
ψ + ηψ¯|y=0 = 0, ∂yφ− 2ηpiµbebφ|y=0 = 0. (2.8)
These boundary conditions correspond to the supersymmetric version of the FZZT
brane [11, 21].
In [10], it is shown that one can add additional term to the boundary action
S ′B = −
1
2
∫ ∞
−∞
dx
∫
dθt
(
ΓDtΓ +
4
b
iµBΓe
bΦ/2
)
. (2.9)
with a fermionic boundary superfield Γ = a + iθth. In fact, this boundary action is
equivalent to that considered previously in [14, 13]. We will show in the next subsection
that this action indeed preserves the boundary superconformal symmetry.
2.2 Boundary superconformal symmetry
To derive a boundary action which preserves bothN = 1 supersymmetry and conformal
symmetry, we start with a general form of boundary action
SB =
∫ ∞
−∞
dx
[
− i
4pi
ψ¯ψ +
1
2
a∂xa− f(φ)a(ψ + ψ¯) +B(φ)
]
, (2.10)
where a is a real fermionic boundary degree of freedom which anti-commutes with
ψ and ψ¯. The boundary action (2.10) was first proposed in the boundary N = 1
supersymmetric sine-Gordon model [18]. f(φ) and B(φ) are functions of the scalar field
φ to be determined by the boundary conditions which preserve N = 1 supersymmetry.
The fermionic boundary degree of freedom a was first introduced in the Ising model in
a boundary magnetic field [16] and in the N = 1 SLFT with appropriate kinetic term
[14].
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The boundary N = 1 superconformal symmetry imposes the following constraints
on the stress tensor and supercurrent
T = T¯ , G = G¯ at y = 0. (2.11)
Here we choose η = −1 and preserve only one supercharge Q− Q. Hence, it is called
sometimes as N = 1/2 supersymmetry.
The stress tensor T and the supercurrent G are given by
T = −1
2
(
(∂φ)2 + ψ∂ψ
)
+
1
2
Q̂∂2φ, G = i(ψ∂φ − Q̂∂ψ), (2.12)
where Q̂ is the background charge. By using the equations of motion, one can easily
show that the conservation laws ∂¯T = ∂T¯ = ∂¯G = ∂G¯ = 0 are satisfied at the classical
level with Q̂ = 1/b.
Using the bulk equations of motion
∂∂¯φ = piµb3(iψψ¯ + piµebφ)ebφ,
∂¯ψ = −piiµb2ψ¯ebφ, ∂ψ¯ = piiµb2ψebφ. (2.13)
and the boundary equations of motion
∂yφ = 4pi
∂f
∂φ
a(ψ + ψ¯)− 4pi∂B
∂φ
, ψ − ψ¯ = −4piifa, ∂xa = f(ψ + ψ¯), (2.14)
we obtain
G− G¯ = 2pi
(
f − 2
b
∂f
∂φ
)
∂xφa+ pi
(
−2
f
∂B
∂φ
− 4
b
f + µbebφ
1
f
)
∂xa. (2.15)
Here we eliminated ψ, ψ¯ assuming f is not zero.
The condition G− G¯ = 0 can be satisfied by the following f and B
f = µBe
bφ/2, B =
(
− 2
b2
µ2B +
1
2
µ
)
ebφ, (2.16)
where µB is the boundary cosmological constant. One can show similarly that T−T¯ = 0
can be also satisfied. One can easily check that the boundary action (2.9) with (2.6) in
terms of the superfields is indeed the same as (2.10) with (2.16). Therefore, this action
preserves not only boundary N = 1 supersymmetry but also conformal symmetry.
So far, we have considered only the classical equations of motion. Even at this
level, the boundary action has been determined uniquely. We can consider quantum
corrections in similar approach. For this, we interpret ebφ in Eqs.(2.13) as the normal-
ordered exponential : ebφ :. The fields in the stress tensor and the supercurrent in
(2.12) should be also normal-ordered. With this change, we obtain
∂¯T = piµb2(1 + b2 − Q̂b)[piµ∂(: ebφ :)2 + iψψ¯∂ : ebφ : −iψ¯∂ψ : ebφ :]. (2.17)
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The conservation law ∂¯T = 0 (and others) can be satisfied when the background
charge is renormalized to Q̂ = 1/b+ b. We will show in Appendix B that the boundary
superconformal symmetry T − T¯ = 0 and G− G¯ = 0 is also preserved at the quantum
level with this Q̂.
3 Boundary N = 2 Super-Liouville Theory
In this section, we use previous method to derive the superconformal boundary action
of the N = 2 SLFT.
3.1 Superfield Formulation
The action of the N = 2 SLFT is given by
S =
∫
d2z
[
1
pi
∫
d4θΦ+Φ− +
(
iµ
∫
d2θ+ebΦ
+
+ c.c.
)]
, (3.1)
where Φ± are the chiral superfields which satisfy
D∓Φ
± = D¯∓Φ
± = 0. (3.2)
Therefore, Φ± can be expanded as
Φ± = φ±(y±, y¯±) + iθ±ψ∓(y±, y¯±)− iθ¯±ψ¯∓(y±, y¯±) + iθ±θ¯±F±(y±, y¯±), (3.3)
where y± = z+ 1
2
θ±θ∓ and y¯± = z¯ + 1
2
θ¯±θ¯∓. (See Appendix A.2 for conventions.) The
action can be written in terms of the component fields as
S =
∫
d2z
[
1
2pi
(
∂φ−∂¯φ+ + ∂φ+∂¯φ− + ψ−∂¯ψ+ + ψ+∂¯ψ− + ψ¯−∂ψ¯+ + ψ¯+∂ψ¯−
)
+iµb2ψ−ψ¯−ebφ
+
+ iµb2ψ+ψ¯+ebφ
−
+ piµ2b2eb(φ
++φ−)
]
. (3.4)
Now we consider boundary conditions in the N = 2 SLFT on the lower half-plane.
The action can be written as
S =
∫ ∞
−∞
dx
∫ 0
−∞
dy
[∫
d4θK(Φ+,Φ−) +
∫
d2θ+W+(Φ+)−
∫
d2θ−W−(Φ−)
]
= SK + SW , (3.5)
where K(Φ+,Φ−) is a Ka¨hler potential andW±(Φ±) are superpotentials. Consider first
the case where only the Ka¨hler potential term exists. The supersymmetric variation
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of SK is
δSK =
∫ ∞
−∞
dx
∫ 0
−∞
dy
∫
d4θ(ζ+Q+ + ζ¯
+Q¯+ + ζ
−Q− + ζ¯
−Q¯−)K(Φ
+,Φ−)
=
i
4
∫ ∞
−∞
dx(ζ+K|θ+θ¯+θ¯− + ζ¯+K|θ+θ¯+θ− + ζ−K|θ¯+θ−θ¯− + ζ¯−K|θ+θ−θ¯−)|y=0. (3.6)
We can cancel (3.6) by adding two types of boundary actions
SBK =
i
4
∫ ∞
−∞
dx
(
eiβK|θ¯+θ+ + e−iβK|θ¯−θ−
)
, (3.7)
or
SBK =
i
4
∫ ∞
−∞
dx
(
eiβK|θ+θ¯− + e−iβK|θ−θ¯+
)
, (3.8)
where eiβ is an arbirtary phase. In the first case, the supersymmetry variation of
SK + SBK vanishes when ζ¯
± = e±iβζ∓. The conserved supercharges are Q+ + e
−iβQ¯−
and Q− + e
iβQ¯+. This leads to a condition on the supercurrents: G
± + e∓iβG¯∓ = 0
at y = 0. This case is called as A-type boundary conditions [23]. The second case
is ζ¯± = e∓iβζ± where conserved supercharges are Q+ + e
−iβQ¯+ and Q− + e
iβQ¯−.
Associated boundary conditions on the supercurrents will be called as B-type boundary
condition: G± + e∓iβG¯± = 0 at y = 0. In this paper, we will consider eiβ = −1 for
simplicity.
With nonvanishing superpotential W±, the supersymmetric variation becomes
δSW =
1
2
∫ ∞
−∞
dx
[
(ζ¯−ψ− − ζ−ψ¯−)∂W
+
∂φ+
+ (ζ+ψ¯+ − ζ¯+ψ+)∂W
−
∂φ−
]
. (3.9)
We classify the boundary conditions into two classes following [15, 22].
A-type boundary condition
We set ζ¯± = −ζ∓ in (3.9) and assume that the fermions satisfy the condition
ψ± − ψ¯∓|y=0 = 0. (3.10)
The boundary conditions for the bosons are given by
∂x(φ
+ − φ−) = 0, ∂y(φ+ + φ−) = 0. (3.11)
If the superpotentials W± satisfy
∂W+
∂φ+
− ∂W
−
∂φ−
∣∣∣∣∣
y=0
= 0, (3.12)
δSW = 0 can be achieved.
B-type boundary condition
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If ζ¯± = −ζ±, Eq.(3.9) becomes
δSW =
1
2
∫ ∞
−∞
dx
[
−ζ−(ψ− + ψ¯−)∂W
+
∂φ+
+ ζ+(ψ+ + ψ¯+)
∂W−
∂φ−
]
. (3.13)
This vanishes for two types of boundary conditions.
(i) Dirichlet boundary conditions
ψ± + ψ¯±|y=0 = 0, ∂xφ±|y=0 = 0. (3.14)
(ii) Neumann boundary conditions
ψ± − ψ¯±|y=0 = 0, ∂yφ±|y=0 = 0. (3.15)
While no additional condition is needed for (i), the additional conditions
∂W±
∂φ±
∣∣∣∣∣
y=0
= 0 (3.16)
are necessary for the case (ii). To avoid this unphysical situation, one must add addi-
tional boundary term
SBW =
i
2
η
∫ ∞
−∞
dx(W+ −W−)|θ±=θ¯±=0. (3.17)
The variation of this term cancels δSW in (3.13) if ζ
−+ηζ+ = 0 is satsified. This leads
to the boundary conditions for φ±
∂yφ
± ∓ 2piiη∂W
∓
∂φ∓
∣∣∣∣∣
y=0
= 0. (3.18)
Therefore, only N = 1 supersymmetry is preserved.
3.2 Boundary Action of N = 2 Super-Liouville Theory
Here we construct the boundary action with B-type boundary condition which preserves
the N = 2 superconformal invariance. We start with
SB =
∫ ∞
−∞
dx
[
− i
4pi
(ψ¯+ψ− + ψ¯−ψ+) +
1
2
a−∂xa
+
−1
2
(
f+(φ+)a+ + f˜+(φ+)a−
)
(ψ− + ψ¯−)
−1
2
(
f−(φ−)a− + f˜−(φ−)a+
)
(ψ+ + ψ¯+) +B(φ+, φ−)
]
, (3.19)
where a± are complex fermionic boundary degrees of freedom and anti-commute with
ψ± and ψ¯±. The boundary action of the form (3.19) was first proposed in the context
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of N = 2 supersymmetric sine-Gordon model [19]. f±(φ±), f˜±(φ±) and B(φ+, φ−) are
functions of φ± to be determined by the boundary conditions.
The stress tensor T , the supercurrent G± and the U(1) current J are given by
T = −∂φ−∂φ+ − 1
2
(ψ−∂ψ+ + ψ+∂ψ−) +
1
2
Q̂(∂2φ+ + ∂2φ−), (3.20)
G± =
√
2i(ψ±∂φ± − Q̂∂ψ±), (3.21)
J = −ψ−ψ+ + Q̂(∂φ+ − ∂φ−), (3.22)
where Q̂ is the background charge.
One can show that the conservation laws ∂¯T = ∂T¯ = ∂¯G± = ∂G¯± = ∂¯J = ∂J¯ = 0
are satisfied at the classical level when Q̂ = 1/b in the same way as the N = 1 case.
One major difference for the N = 2 SLFT is that Q̂ has no quantum correction.
Above conservation laws hold at quantum level with Q̂ = 1/b due to : ebφ
+
:: ebφ
−
:=:
ebφ
−
:: ebφ
+
:. This means that the classical level computation is sufficient for our
consideration. Also, without the correction, the dual symmetry b → 1/b disappears.
The lack of the dual symmetry makes it much harder to solve even bulk N = 2 SLFT
[24].
To preserve N = 2 superconformal symmetry, we impose the following boundary
conditions on the conserved currents
T = T¯ , G± = G¯±, J = J¯ at y = 0, (3.23)
Substituting the bulk equations of motion
∂∂¯φ± = piµb3(iψ±ψ¯± + piµebφ
±
)ebφ
∓
, ∂¯ψ± = −piiµb2ψ¯∓ebφ± , ∂ψ¯± = piiµb2ψ∓ebφ±
(3.24)
and the boundary equations of motion
∂yφ
± = 2pi
(
∂f∓
∂φ∓
a∓ +
∂f˜∓
∂φ∓
a±
)
(ψ± + ψ¯±)− 4pi ∂B
∂φ∓
,
ψ± − ψ¯± = −2pii(f±a± + f˜±a∓), (3.25)
∂xa
± = f∓(ψ± + ψ¯±) + f˜±(ψ∓ + ψ¯∓)
into G± − G¯± and eliminating ψ± and ψ¯±, we obtain
G± − G¯± = pi
(
f± − 2
b
∂f±
∂φ±
)
∂xφ
±a± + pi
(
f˜± − 2
b
∂f˜±
∂φ±
)
∂xφ
±a∓
+ pi
(
− 2f
±
f±f∓ − f˜±f˜∓
∂B
∂φ∓
− 2
b
f± − µbf˜
∓
f±f∓ − f˜±f˜∓ e
bφ±
)
∂xa
±
+ pi
(
2f˜±
f±f∓ − f˜±f˜∓
∂B
∂φ∓
− 2
b
f˜± +
µbf∓
f±f∓ − f˜±f˜∓ e
bφ±
)
∂xa
∓. (3.26)
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The condition G± − G¯± = 0 determines f±, f˜± and B as follows:
f± = C±ebφ
±/2, f˜± = C˜±ebφ
±/2, (3.27)
B = − 2
b2
(C+C− + C˜+C˜−)eb(φ
++φ−)/2, (3.28)
where C± and C˜± are complex constants which obey C±C˜± = µb2/4.
We next consider the stress tensor. Eliminating a± from (3.25) and using (3.27)
and (3.28), we obtain
∂yφ
± = i
b
2
(ψ∓ − ψ¯∓)(ψ± + ψ¯±) + 4pi
b
(C+C− + C˜+C˜−)eb(φ
++φ−)/2, (3.29)
∂xψ
± − ∂xψ¯± = b
2
∂xφ
±(ψ± − ψ¯±)− 2pii(C+C− + C˜+C˜−)eb(φ++φ−)/2(ψ± + ψ¯±)
− 4piiC±C˜±ebφ±(ψ∓ + ψ¯∓). (3.30)
Substituting above equations into T − T¯ and J − J¯ , one can show that our solution
satisfies both T = T¯ and J = J¯ .
We have obtained the boundary action (3.19) with (3.27) and (3.28). Moreover, we
impose the invariance of LB under the complex conjugation. This invariance implies
C+ = (C−)∗ and C± can be written as C± = µBe
±iα, where α is a real parameter. This
phase factor can be gauged away by redefining the fermionic zero-modes a± → e∓iαa±.
Therefore, the final form of the boundary action is
SB =
∫ ∞
−∞
dx
[
− i
4pi
(ψ¯+ψ− + ψ¯−ψ+) +
1
2
a−∂xa
+
− 1
2
ebφ
+/2
(
µBa
+ +
µb2
4µB
a−
)
(ψ− + ψ¯−) (3.31)
− 1
2
ebφ
−/2
(
µBa
− +
µb2
4µB
a+
)
(ψ+ + ψ¯+)− 2
b2
(
µ2B +
µ2b4
16µ2B
)
eb(φ
++φ−)/2
]
.
This is our main result in this paper. This action preserves two conserved supercharges
Q+ − Q¯+ and Q− − Q¯−.
We can rewrite this boundary action in terms of boundary superfields. Defining
super-translation operators Dt± = D± − D¯± which satisfy
{Dt+, Dt−} = ∂x, D2t+ = D2t− = 0, (3.32)
and their conjugate coordinates θ±t = (θ
± − θ¯±)/2, we introduce fermionic boundary
chiral superfields Γ±
Dt∓Γ
± = 0. (3.33)
The boundary superfields Γ± can be expanded as
Γ± = a±(x±) + iθ±t h
±(x±), (3.34)
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where x± = x + 1
2
θ±t θ
∓
t . In terms of these superfields, the boundary action can be
written as
SB =
∫ ∞
−∞
dx
{
− i
4pi
(
Φ+Φ−|θ+θ¯− + Φ+Φ−|θ−θ¯+
)
− 1
2
µ(ebΦ
+
+ ebΦ
−
)|θ±=θ¯±=0
+
1
2
∫
dθ+t dθ
−
t Γ
+Γ−
−
[
i
b
∫
dθ+t
(
µBΓ
+ebΦ
+/2 +
µb2
4µB
(
Γ−ebΦ
+/2 − Γ+ebΦ−/2
)) ∣∣∣∣∣
θ−
t
=0
+ c.c.
]}
. (3.35)
When the terms including the superfields Γ± do not exist, (3.35) reduces to the bound-
ary action which preserves only N = 1 supersymmetry under Neumann boundary
conditions. In this case the N = 2 supersymmetry transformation of the action S+SB
has a non-vanishing surface term which is canceled by those of the terms including Γ±.
4 Discussions
Our result contains one boundary parameter µB which generates a continuous family
of conformal boundary conditions. One remarkable result is that the boundary action
has a dual symmetry
µB → µb
2
4µB
. (4.1)
This means that two conformal boundary conditions of the N = 2 SLFT can be
identified. To understand further implications about this, we need to derive some
exact correlation functions such as the boundary one-point functions. Our boundary
action is a first step toward this. It is possible to derive a functional relation for the
one-point functions using the boundary action as a screening boundary operator. Main
difficulty arises, as in the bulk case [24], from the lack of the coupling constant duality.
In a recent paper [25], the one-point functions for the N = 2 SLFT is conjectured
from the modular transformations of the characters for a special value of coupling
constant. It would be interesting to see if these one-point functions are consistent with
the functional relations based on our boundary action and to derive them for arbitary
value of the coupling constant.
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A Conventions
In this appendix we present our conventions for N = 1, 2 supersymmetries.
A.1 N = 1 Supersymmetry
We use (1, 1) superspace with bosonic coordinates z, z¯ and fermionic coordinates θ, θ¯.
Here we define z = x + iy, z¯ = x − iy and ∂ = (∂x − i∂y)/2, ∂¯ = (∂x + i∂y)/2. The
integration measure is
∫
d2zd2θ =
∫
dxdydθdθ¯. The covariant derivatives are given by
D =
∂
∂θ
+ θ∂, D¯ =
∂
∂θ¯
+ θ¯∂¯. (A.1)
which satisfy
{D,D} = 2∂, {D¯, D¯} = 2∂¯, {D, D¯} = 0. (A.2)
The supercharges
Q =
∂
∂θ
− θ∂, Q¯ = ∂
∂θ¯
− θ¯∂¯. (A.3)
satisfy
{Q,Q} = −2∂, {Q¯, Q¯} = −2∂¯, {Q, Q¯} = 0, (A.4)
and anti-commute with D, D¯.
A.2 N = 2 Supersymmetry
We use (2, 2) superspace with bosonic coordinates z, z¯ and fermionic ones θ+, θ¯+,
θ−, θ¯−. Complex conjugation of fermionic coordinates is defined by (θ±)∗ = θ¯∓. The
covariant derivatives
D± =
∂
∂θ±
+
1
2
θ∓∂, D¯± =
∂
∂θ¯±
+
1
2
θ¯∓∂¯. (A.5)
satisfy
{D+, D−} = ∂, {D¯+, D¯−} = ∂¯,
all other (anti-)commutators = 0. (A.6)
The supercharges are given by
Q± =
∂
∂θ±
− 1
2
θ∓∂, Q¯± =
∂
∂θ¯±
− 1
2
θ¯∓∂¯, (A.7)
which obey
{Q+, Q−} = −∂, {Q¯+, Q¯−} = −∂¯,
all other (anti-)commutators = 0, (A.8)
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and anti-commute with D±, D¯±. Chiral superfields Φ
±
i satisfy D∓Φ
±
i = D¯∓Φ
±
i = 0.
An N = 2 supersymmetric action is constructed from D-terms and F-terms3 and is
written as
S =
∫
d2zd4θK(Φ+i ,Φ
−
i ) +
(∫
d2zd2θ+W+(Φ+i ) + c.c.
)
, (A.9)
where K(Φ+i ,Φ
−
i ) is an arbitrary differentiable function of superfields and W
+(Φ+i ) is
a holomorphic function of chiral superfields Φ+i . The integration measures in (A.9) are
defined by ∫
d2zd4θK(Φ+i ,Φ
−
i ) =
∫
dxdydθ+dθ¯+dθ−dθ¯−K(Φ+i ,Φ
−
i ), (A.10)∫
d2zd2θ+W+(Φ+i ) =
∫
dxdydθ+dθ¯+W+(Φ+i )
∣∣∣
θ−=θ¯−=0
. (A.11)
B Quantum Corrections of the N = 1 boundary su-
persymmetry
In this appendix we show how the classical boundary action (2.10) with Eqs.(2.16) is
modified at the quantum level. At the quantum level, we replace eαφ with the normal-
ordered exponential : eαφ :. Therefore, we can not elliminate ψ, ψ¯ from G, G¯ because
f−1 may not be well-defined. Therefore, we need to keep the fermionic fields. Then,
Eq.(2.15) becomes
G− G¯ = 2pifa∂xφ+ 2pi(ψ + ψ¯)∂f
∂φ
a(ψ + ψ¯)− 2pi(ψ + ψ¯)∂B
∂φ
− 4piQ̂∂xfa− 4piQ̂f 2(ψ + ψ¯) + Q̂piµb2(ψ + ψ¯)Λ−2b2(: ebφ/2 :)2, (B.1)
where Λ is a cutoff scale and f = µB : e
bφ/2 :.
The first and second terms in the right-hand side of Eq.(B.1) can be dealt with the
point-splitting technique developed in [26]. The first term can be calculated as
fa∂xφ =
µB
2
lim
x1→x2
[: ebφ(x1)/2 : a(x1)∂xφ(x2) + (x1 ↔ x2)]
= µB : e
bφ/2∂xφ : a + b lim
x1→x2
1
x1 − x2 [f(x1)a(x1)− f(x2)a(x2)]
=
2
b
∂xfa+ b∂xfa+ bf
2(ψ + ψ¯), (B.2)
where we used (2.14). Similarly the second term becomes
(ψ + ψ¯)fa(ψ + ψ¯) = 2∂xfa+ 2f
2(ψ + ψ¯). (B.3)
3One can also consider twisted F-terms which we do not mention here.
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This leads to
G− G¯ = pi(ψ + ψ¯)
[(
−4
b
µ2B + Q̂µb
2Λ−2b
2
)
(: ebφ/2 :)2 − 2∂B
∂φ
]
, (B.4)
where we used Q̂ = 1/b+ b. The condition G− G¯ = 0 gives
B =
(
− 2
b2
µ2B +
1
2
Q̂bµΛ−2b
2
)
(: ebφ/2 :)2. (B.5)
Compared with the classical result (2.16), B gets the quantum correction.
The condition T − T¯ = 0 can be also satisfied in this way. Substituting Eqs.(2.13)
and (2.14) into T − T¯ , we obtain
T − T¯ = pii[2∂xfa(ψ + ψ¯)− ∂x(fa(ψ + ψ¯))] + 1
2
(ψ¯∂xψ¯ − ψ∂xψ). (B.6)
Using Eq.(2.14) for ψ and ψ¯, one can show that Eq.(B.6) vanishes. Therefore, the
boundary action (2.10) along with f and B given above preserves the boundary con-
formal symmetry upto the quantum level.
References
[1] A. Polyakov, Phys. Lett. B103 (1981) 207.
[2] T. Curtright and C. Thorn, Phys. Rev. Lett. 48 (1982) 1309.
[3] G.-L. Gervais, Comm. Math. Phys. 130 (1990) 252.
[4] J. Teschner, Phys. Lett. B363 (1995) 65.
[5] A. B. Zamolodchikov and Al. B. Zamolodchikov, Nucl. Phys. B477 (1996) 577.
[6] R. C. Rashkov and M. Stanishkov, Phys. Lett. B380 (1996) 49.
[7] R. H. Poghossian, Nucl.Phys. B496 (1997) 451.
[8] J. Cardy, Nucl. Phys. B240 (1984) 514.
[9] P. Lee, H. Ooguri, and J. Park, Nucl. Phys. B632 (2002) 283; B. Ponsot, V.
Schomerus, and J. Teschner, JHEP 02 (2002) 016.
[10] M.R. Douglas, I.R. Klebanov, D. Kutasov, J. Maldacena, E. Martinec and N.
Seiberg, “A New Hat For The c = 1 Matrix Model,” hep-th/0307195.
[11] V. Fateev, A. Zamolodchikov and Al. Zamolodchikov, “Boundary Liouville Field
Theory I. Boundary State and Boundary Two-point Function,” hep-th/0001012.
14
[12] A. Zamolodchikov and Al. Zamolodchikov, “Liouville Field Theory on a Pseudo-
sphere,” hep-th/0101152.
[13] T. Fukuda and K. Hosomichi, Nucl. Phys. B635 (2002) 215.
[14] C. Ahn, C. Rim and M. Stanishkov, Nucl. Phys. B636 (2002) 497.
[15] N.P. Warner, Nucl. Phys. B450 (1995) 663.
[16] S. Ghoshal and A. Zamolodchikov, Int. J. Mod. Phys. A9 (1994) 3841.
[17] T. Inami, S. Odake and Y-Z. Zhang, Phys. Lett. B359 (1995) 118.
[18] R.I. Nepomechie, Phys. Lett. B509 (2001) 183.
[19] R.I. Nepomechie, Phys. Lett. B516 (2001) 376.
[20] K. Itoh and N. Ohta, Nucl. Phys. B377 (1992) 113.
[21] J. Teschner, “Remarks on Liouville theory with boundary,” hep-th/0009138.
[22] S. Govindarajan, T. Jayaraman and T. Sarkar, Nucl. Phys. B580 (2000) 519.
[23] H. Ooguri, Y. Oz and Z. Yin, Nucl. Phys. B477 (1996) 407.
[24] C. Ahn, C. Kim, C. Rim and M. Stanishkov, “Duality in N=2 Super-Liouville
Theory”, hep-th/0210208.
[25] J. McGreevy, S. Murthy and H. Verlinde, “Two-dimensional Superstrings and the
Supersymmetric Matrix Model”, hep-th/0308105.
[26] P. Mansfield, Nucl. Phys. B222 (1983) 419; H.C. Liao and P. Mansfield, Nucl.
Phys. B344 (1990) 696.
15
